Abstract. We study the subfields of quaternion algebras that are quadratic extensions of their center in characteristic 2. We provide examples of the following: Two nonisomorphic quaternion algebras that share all their quadratic subfields, two quaternion algebras that share all the inseparable but not all the separable quadratic subfields, and two algebras that share all the separable but not all the inseparable quadratic subfields. We also discuss quaternion algebras over global fields and fields of Laurent series over a perfect field of characteristic 2 and show that the quaternion algebras over these fields are determined by their separable quadratic subfields.
Introduction
Let F be a field. It is well known that a quadratic field extension of F is a splitting field of some quaternion algebra Q with center F if and only if it is isomorphic to a subfield of Q (see, for example, [2, §14] ). This raised the question of to what extent do the quadratic extensions of F contained in Q determine the structure of the algebra and motivated the study of 'linked' quaternion algebras. That is, quaternion algebras that share a common quadratic extension of F as a subfield.
In [6] , Garibaldi and Saltman studied the subfields of quaternion algebras over fields of characteristic not 2, and in particular over number fields. They gave an example of two non-isomorphic quaternion algebras that share all their quadratic subfields and, conversely, gave a sufficient condition on a field for every quaternion algebra over that field to be determined by its quadratic subfields.
Here we consider this question in characteristic 2. Over fields of characteristic 2 this question is complicated by the fact that two types of quadratic extension are possible, separable and inseparable, and every quaternion algebra contains quadratic subfields of each type. One can show that if two quaternion algebras share an inseparable quadratic subfield then they share a separable quadratic subfield, but that the converse is not always true (see [10] ). This result motivated the consideration of two different types of 'linkage' in characteristic 2, depending on whether the shared subfield of two quaternion algebras over F was a quadratic separable or a quadratic inseparable extension of F. This result was also generalized to Hurwitz algebras in [3] and the translation of these results into quadratic form theory was further generalized in [5] , where various types of linkage are considered for Pfister forms in arbitrary dimension.
In this article, we show how to construct quaternion algebras over fields of characteristic 2 that are not isomorphic but share all of their quadratic subfields. We also show how to construct quaternion algebras that share all of their inseparable quadratic subfields but not all of their separable quadratic subfields and quaternion algebras that share all of their separable quadratic subfields but not all of their inseparable quadratic subfields, showing that the above linkage result does not have a natural analogue if we consider sharing all quadratic subfields of a certain type.
Finally, we consider quaternion algebras over global fields and fields of Laurent series over a perfect field in characteristic 2. We show that over such fields, quaternion algebras are determined by their separable quadratic subfields.
Quadratic forms
Throughout this article, let F be a field of characteristic 2. We denote the multiplicative group of F by F × and the additive group {x 2 + x | x ∈ F} by ℘(F). We recall the basic facts we use from the theory of quadratic forms over fields. We refer to [4] as a general reference. For n ∈ N and a 1 , . . . , a n , b, c ∈ F, we denote the quadratic form (F n , q) where q :
i by a 1 , . . . , a n and the quadratic form (
We have the usual notions of isometry ≃ and orthogonal sum ⊥ of quadratic forms (see [4, p.40 and p.42] ). By [4, (7. 32)], for every quadratic form ρ over F, there exist elements
We say that a quadratic form ρ as in (1) is nonsingular if m = 0 and singular otherwise. If n = 0 we say ρ is totally singular. The form c 1 , . . . , c m is uniquely determined by ρ, and we call it the quasilinear part of ρ. We use the following isomorphism, which can be checked directly. For a, b, c, d ∈ F we have
Consider a quadratic form ρ = (V, q) over F. We call dim F (V) the dimension of ρ and denote it by dim(ρ). We say ρ is isotropic if q(x) = 0 for some x ∈ V \ {0} and in this case we call x an isotropic vector of ρ. Otherwise we say that ρ is anisotropic. We say that ρ represents an element a ∈ F × if there exists an x ∈ V\{0} such that q(x) = a. If ρ represents every element in F × , then we call it universal. For c ∈ F × let cρ denote the quadratic form (V, cq), where (cq)(x) = c(q(x)) for x ∈ V. Let ρ 1 = (V, q) and ρ 2 = (W, q ′ ) be quadratic forms over F. We say ρ 1 is similar to ρ 2 if there exists a c ∈ F × such that ρ 1 ≃ cρ 2 . We say ρ 2 is a subform of ρ 1 if there exists a quadratic form ρ 3 over F such that ρ 1 ≃ ρ 2 ⊥ρ 3 .
We call the quadratic form [0, 0] the hyperbolic plane and denote it by . Note that the hyperbolic plane is universal. Let ρ be a nonsingular quadratic form over F. Then there exists an anisotropic nonsingular quadratic form ρ ′ and an nonnegative integer n such that (V, q) ≃ ρ ′ ⊥ n × . In this decomposition the integer n is uniquely determined and ρ ′ is uniquely determined up to isometry. We call ρ ′ the anisotropic part of ρ (see [4, (8.5) ]). We denote the anisotropic part of ρ by ρ an . We call the integer n the Witt index of ρ and denote it by i W (ρ). The form ρ is called hyperbolic if dim(ρ) = 2i W (ρ). [4, §9] ). Pfister forms have the property that they are either anisotropic or hyperbolic (see [4, (9. 10)]). Note that if π is a 2-fold Pfister form over F then ∆(π) ∈ ℘(F). Indeed, by [4, (13. 7)], we have, for a 4-dimensional quadratic form ρ, that ∆(ρ) ∈ ℘(F)if and only if ρ is similar to a 2-fold Pfister form.
Let ρ = (V, q) be a quadratic form over F and let K/F be a field extension. Then we Proof. Suppose that ρ = [1, x] is isotropic. By dividing an isotropic vector of ρ by an appropriate power of x 2 , we can find
We may also assume that f 1 and f 2 are not both divisible by x −1 . The equation
, contradicting our assumptions on f 1 and f 2 . Proof. This follows immediately from (2.6) and (2.5).
We denote the Laurent series in one variable over F by F((t)).
Proposition 2.8. Let K = F((t)). Let ϕ and ψ be anisotropic quadratic forms over F. Then
Proof. See [4, (19.5) ].
Quaternion algebras
We refer to [2] as a general reference on finite-dimensional algebras over fields. By a quaternion F-algebra we mean a 4-dimensional central simple F-algebra. We say that a quaternion F-algebra Q contains a field K if there exists a subfield of Q isomorphic to K. Let Q and Q ′ be a quaternion F-algebras. If Q and Q ′ are isomorphic we write Q ≃ Q ′ . We let Trd Q : Q → F denote the reduced trace map and Nrd Q : Q → F denote the reduced norm map (see [2, §22, Def. 2] for the definitions). We call elements of the set {x ∈ Q | Trd Q (x) = 0} the pure quaternions of Q and denote them by Q pr .
Any quaternion F-algebra has a basis (1, u, v, w) such that
for some a ∈ F and b ∈ F × (see [2, §14, Thm. 1]); such a basis is called a quaternion basis. Conversely, given a ∈ F and b ∈ F × , the above relations determine an quaternion F-algebra, which we denote by [a, b) F . By the above, up to isomorphism any quaternion F-algebra is of this form.
Considering Q as an F-vector space, the pair (Q, Nrd Q ) is a 4-dimensional quadratic form over F. 
Proof. See [4, (12.5) ].
Lemma 3.2. Let Q be an quaternion F-algebra and c ∈ F\F
2 . Then the following are equivalent.
(
Proof. The equivalence of (1) and (2) follows from [2, §14, Thm. 4]. For x ∈ Q pr , we have
Hence (2) implies (3) and (3) implies (1).
Lemma 3.3. Let Q be a quaternion F-algebra and F(α)/F be a field extension such that
Then the following are equivalent.
Proof. The equivalence of (1) and (2) follows from [2, §14, Thm. 5]. That (2) implies (3) is clear. If [1, c] is s subform of (Q, Nrd Q ), then there exists an element x ∈ Q such that x 2 + x = c, and hence F(x) ≃ F(α). Therefore (3) implies (1). 
The following are equivalent.
Proof. For the equivalence of (1) and (2), see [10] . For the equivalence of (1) and (3), see [8, (16.5) ]. 
Proposition 3.6. Let K = F((t)) and take a, b
∈ K. Then [a, t) K ≃ [b, t) K if and only if [1, a] ≃ [1, b] over F. Proof. If [1, a] ≃ [1, b] then t,
Linkage of quaternion algebras
Let Q and Q ′ be quaternion F algebras. We say that Q and Q ′ share a field K if K is contained in both Q and Q ′ . We say that
• Q is totally (separably or inseparably) linked to Q ′ if every (separably or inseparably) quadratic field extension of F contained in Q is shared by Q and Q ′ , • Q and Q ′ are totally (separably or inseparably) linked if Q is totally (separably or inseparably) linked to Q ′ and vice versa.
Note that if Q is not division then by (3.1) (Q, Nrd Q ) is universal. It then easily follows from (3.2) and (3.4) that every non-division quaternion F-algebra contains every quadratic field extension of F, and indeed all non-division quaternion F-algebra are isomorphic. Therefore our linkage properties are mainly interesting for division algebras. We now show that in general being totally (separably or inseparably) linked is not a symmetric relation, that being totally inseparably linked is independent of being totally separably linked, and that two totally linked quaternion algebras need not be isomorphic.
For a field extension K/F and quaternion F algebra Q, we denote the quaternion Kalgebra Q ⊗ F K by Q K . 
are anisotropic by (2.4, (1)) as ρ is clearly not similar to a Pfister form as it is singular. Assume that ψ L d is isotropic. Then by (2.4, (5)), ψ and ρ are similar. Due to the uniqueness of the quasilinear part, it follows that 1, d
′ and 1, d are similar and hence isometric by (2.3). Hence K(
, which contradicts our assumptions on 
are anisotropic by (2.4, (1)) as ∆(ρ) ℘(K) and hence ρ is not similar to a 2-fold Pfister form. Assume that ψ L c is isotropic then since ψ and ρ are nonsingular and have non-trivial Arf invariant, by (2.4, (4)) ψ and ρ are similar. This means that c + c ′ ∈ ℘(K) and hence K(α) = K(α ′ ), which contradicts our assumptions on Q K and Q K ′ . Therefore, ψ L c is anisotropic, which means that Q L c and Q
. We can now construct the required field E in a similar manner to the field constructed in (4.2). 1) and (3.4) , we have that π K , π
are anisotropic by (2.4, (1)) as ρ is clearly not similar to a Pfister form as it is singular. Moreover ψ L d is anisotropic by (2.4, (2 
. We can now construct the required field E in a similar manner to the field constructed in Proof. Assume that Q and Q ′ do not share a separable quadratic extension of F. Let ψ = (π⊥π ′ ) an . By (3.5), we have that, dim(ψ) = 6 (note that π⊥π ′ is automatically isotropic, as both forms represent 1). Let K = F(ψ). Then, as ψ K is obviously isotropic, Q K and Q K are share a separable quadratic extension of K by (3.5) . By [4, (26.5 [1, x] . This is isotropic over F if and only if [1, x + z] is isotropic over F by (2.6) and (2.5). That [1, x + z] is anisotropic follows by a similar argument to that in (2.5). Hence Q 1 and Q 2 are not totally separably linked by (3.4).
Global fields and Laurent Series over Perfect Fields
We now give two classes of fields of characteristic 2 over which the separable linkage of two quaternion algebras implies that they are isomorphic. Recall, as stated in the introduction of [6] , that totally linkage implies isomorphic over global fields of arbitrary characteristic. In characteristic 2 this can be slightly strengthened, to totally separably linked implies isomorphic.
By a global field we mean the a finite extension of F 2 n (t), where t is a variable and F 2 n is the field with 2 n elements. We call F, a field of characteristic 2, perfect if F 2 = F. Proof. Every finite field of characteristic 2 has a unique extension of degree 2. Hence (3.6) and (5.1) imply that there is only one isomorphism class of division quaternion algebras over F 2 n ((t)). Therefore, by [1, Thm. 9] , there is only one isomorphism class of division quaternion algebras over a completion of F with respect to any discrete valuation. Let K be a completion of F with respect to an arbitrary discrete valution. By (5.2), Q K and Q ′ K are either both split or both division and hence isomorphic to the unique division quaternion K-algebra. It follows that (Q⊗ F Q ′ ) K is split. By Albert-Brauer-Hasse-Noether theorem, [12, (8.1.17) ], it follows that Q ⊗ F Q ′ is split, and hence Q ≃ Q ′ .
As all 2-fold Pfister forms are hyperbolic over perfect fields, the quaternion algebras of such fields are never division by (3.1). However, the situation is not so simple for the field of Laruent series over such a field. For the rest of this section, let F be a perfect field of characteristic 2 and let K = F((t)), the Laurent series over F in one variable.
First we note that all quaternion K-algebras are totally inseparably linked. Proof. By (5.1), every quaternion K-algebra contains a field L, where L = K(α) is such that α 2 + α = a ∈ F and a ℘(K). The result then follows from (5.7).
